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Abstract. The Stieltjes-Wigert polynomials, which correspond to an indeterminate moment prob- 
lem on the positive half-line, are eigenfunctions of a second order g-difference operator. We con- 
sider the orthogonality measures for which the difference operator is symmetric in the corresponding 
weighted L 2 -spaces. Under some additional assumptions these measures are exactly the solutions to 
the (/-Pearson equation. In the case of discrete and absolutely continuous measures the difference 
operator is essentially self-adjoint, and the corresponding spectral decomposition is given explicitly. 
In particular, we find an orthogonal set of g-Bessel functions complementing the Stieltjes-Wigert 
polynomials to an orthogonal basis for L 2 (u) when [i is a discrete orthogonality measure solving the 
(jr-Pearson equation. To obtain the spectral decomposition of the difference operator in case of an 
absolutely continuous orthogonality measure we use the results from the discrete case combined with 
direct integral techniques. 
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1. Introduction 

As part of the Askey-scheme ^H] of basic hyper geometric orthogonal polynomials, the Stieltjes- 
Wigert polynomials are eigenfunctions of a second-order g-difference operator. This operator is given 
by 

(Lf)(x)=f(xq)--f(x) + -f(x/q) 

' XX 

or, in a more compact form, 

L = T q -x-\l-T q - 1 ), 

where T a denotes the operator defined by [T a f) (x) = f(ax) for fixed a / 0. We always take q as a 
fixed number in (0, 1). Clearly, L preserves the space of polynomials. 

In this paper we consider L as a (possibly) unbounded operator on L 2 (n), where \i is assumed to 
be a solution to the Stieltjes-Wigert moment problem, i.e. a positive measure on [0, oo) such that 



x n dfj,(x) = q-i"^ 1 ) , n>0. (1.1) 



o 



Since the Stieltjes-Wigert moment problem is indeterminate, there are infinitely many positive mea- 
sures to choose from. The operator (L,V) with domain the space V of polynomials is always sym- 
metric on L 2 (fi). However, the polynomials are only dense in L 2 (/jl) when \i is a so-called iV-extremal 
solution to the moment problem, see e.g. Chapter 2]. So instead we consider L with a larger 
domain L(D) which will be specified in (j2.3j) . Under certain restrictions on T q ±i, this operator turns 
out only to be symmetric for a special class of solutions to the moment problem, namely the solutions 
that satisfy the q- Pearson equation or, in the setup of |10| . the solutions that are fixed points of the 
transformation T defined in |10| Def. 2.4]. Such solutions are also called "classical" in ^01- We give 
the precise condition that \x has to satisfy in Proposition 12.11 
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The question now raises if L can be extended to a self-adjoint operator on L 2 (fi) when ^ is a 
classical solution to the moment problem. We deal with the cases of discrete solutions, respectively 
absolutely continuous solutions, in Section |3] and Section 

In Section |21 where \x is supposed to be discrete, we show that L is unitarily equivalent to a doubly 
infinite Jacobi operator acting on £ 2 (Z). The theory of unbounded Jacobi operators then leads to 
the fact that L is essentially self-adjoint. Starting from two explicit eigenfunctions of L constructed 
in Section 2, the spectrum of L is computed in TheoremESl The spectrum is purely discrete (except 
for the point 0) and has an unbounded negative part and a bounded positive part. The positive 
part is simple and each point corresponds to a Stieltjes-Wigert polynomial of fixed degree. The 
negative part is also simple and each point corresponds now to a q-Bessel function of the second 
kind. This leads to orthogonality relations for the Stieltjes-Wigert polynomials and for Jackson's 
second q-Bessel functions. None of the discrete measures under consideration are canonical solutions 
in the sense of Def. 3.4.2, p. 115], and hence the space of polynomials has codimension +oo in 
the corresponding weighted L 2 -spaces. Our analysis leads to an explicit set of orthogonal functions 
complementing the Stieltjes-Wigert polynomials to a basis for L 2 (fx). 

In the case where [i is absolutely continuous, the operator L is again essentially self-adjoint. We 
show this in Section 0] using direct integrals of Hilbert spaces and the results of Section The 
spectrum of L has a purely discrete positive part, where each point is of infinite multiplicity and 
corresponds to a Stieltjes-Wigert polynomials of fixed degree times an arbitrary g-periodic function, 
i.e. a function / satisfying f(xq) = f(x) for all x > 0. In case supp(//) = [0,oo), the continuous 
spectrum of L is (— oo,0] and each point here is simple. We also give an explicit formula for the 
spectral measure. The approach in Section 0] should be compared with related ideas of Berg [3]. 

The indeterminate cases within the Askey-scheme have been classified in and one may ask if 
a similar construction is possible for other cases as well. For the g-Laguerre polynomials the analysis 
is already done in ^2], where the motivation comes from quantum groups and limit transitions of 
the big g-Jacobi polynomials. Formal limit results of ^5] lead to the results of Section |3J and we 
note that the methods of Section can be used for the g-Laguerre case as well. See also (U] for the 
transformation corresponding to the g-Pearson equation. For other cases in the indeterminate part 
of the Askey-scheme several problems arise, and it is not clear if symmetry of the difference operator 
for the corresponding orthogonal polynomials has a clear-cut meaning for solutions to the moment 
problem. 

Acknowledgement. We thank the referee for useful suggestions, and Barry Simon for a remark 
that led to an improvement of Section El 

2. Difference operator 
2.1. Difference operator. Consider the second order (/-difference operator 

(Lf) (x) = f(xq) - i f(x) + ~ f(x/q). (2.1) 
The motivation for studying L is the fact that the Stieltjes-Wigert polynomials 

(-l)VV, n = 0,l,... (2.2) 

q 

are eigenfunctions of L corresponding to the eigenvalues q n , see Proposition 12.61 below. Here we use 
the notation 

n 

(?5 9)o = l, (q;q)n=l\(l-q k ), n = 1,2, . . . 
k=i 



S n (x;q) 



(q;q)i 



E 
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and 



{q]q)n 0<k<n. 



,, (?;?)&(?; ?)n-fc' 

Throughout the paper we assume that < q < 1 and follow the notation of Gasper and Rahman 
|15j for basic hyper geometric series. 

Recall that the image measure r((i) of a finite positive measure \i under a measurable map r is 
defined by 

r(A0(A) = »(r-\A)) 

for any measurable set A. Recall also that integration with respect to t(/z) is carried out via the rule 



j fdr( f i) = j{for)dii. 



In what follows we denote by r a : (0, oo) — > (0, oo) the map given by x t—. ► ax for fixed a > 0. 
Writing M for the operator of multiplication by 1/x, we see that L can be written as 



L = T q — M + Mo T q -i . 



Our first task is therefore to define and discuss the operators M and T q ±i as possibly unbounded 
operators on L 2 (/i), where \i for the time being is supposed to be any finite positive (Borel) measure 
on (0, oo). We define the operator M on the maximal domain 



D(M) = {/GL 2 (/i)| ^|/(x)| 2 diM(x) < oo}. 



As regards the operators T q ±i, it may happen that one (or both) of them is identically zero on L 2 (/j,). 
This happens if xq (or x/q) never belongs to supp(/i) when x G supp(/i) (and hence for example if \x 
is discrete and supported on {tq 2n | n G Z} for some t > 0). To avoid this situation we require that 
T q ±i , defined on the maximal domains 

D(T q±1 ) = {/ G L 2 (p) | T q±1 f G L 2 (^)}, 

have trivial kernels, i.e. Ker(T„±i) = {0}. For any Borel set A C (0, oo), the indicator function xa 
belongs to D(T q ±i) since 

oo 

\(T q ±i X A)(x)\ 2 dti(x) =v(q Tl A) < oo. 

When (i,{A) > 0, we have \A 7^ in L 2 (fi) and the requirement on the kernels therefore implies that 
/^(q^A) = T q ±i(fi)(A) > 0. In other words, fi is absolutely continuous with respect to r g ±i(/i), that 
is, r q ±i preserve the support of [a. Note that the domains D(T q ±i) are dense in L 2 (fj,) since the set 
of finite linear combinations of indicator functions is dense in L 2 (n). 

With the above assumptions in mind we define L as the possibly unbounded operator on L 2 (/j,) 
with domain 

D(L) = {/ G L 2 (fi) I / G D(T q ) fl D(M) n D(T r x), T q -if G D(M)}. (2.3) 
Proposition 2.1. Let [i be a positive measure on (0,oo) such that 

/•oo 

m n := / x n dn(x) < 00 for n > —2. 
Jo 
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Assume that T q ±i : D(T q ±i) — > L 2 (fi) have trivial kernels. Then the domain D(L) defined in (|2.3|) is 
dense in L 2 (fi) and the operator (L,D(L)) is symmetric on L 2 (fi) if and only if the measure r g (/x) 
is absolutely continuous with respect to fi and the Radon-Nikodym derivative is given by 

dTa(fl) 1 

— - = — a.e. with respect to fi. (2-4) 

djJL x 

Remark 2.2. When \x is a finite positive measure on (0, oo) satisfying ()2.4j) . it follows by induction 
that T q n(fi) is absolutely continuous with respect to fi for all n G Z and 

dT„n(fi) q\2j _ 

: = a.e. with respect to fi. 

dfi x n 

This in particular means that [i has moments of all orders and if fi is a probability measure, then 



/ x n dn(x) = q v 2 ) for all n G Z. 
Jo 



So the requirement in Proposition 12.11 on the existence of the first two negative moments is actually 
implied by (|2.4|) . Moreover, we see that fi is uniquely determined by its restriction to the 

interval (q, 1] (or any other interval of the form (tq k+1 ,tq k ] for t > and fesZ). See |1UI Section 2] 
for more details. 

Proof. Since by assumption m_2 < 00, we see that \A & D(M) for any Borel set A C (0,oo). We 
have already observed that xa £ D(T q ±i) and that T q -\\A = XqA £ D(M). Hence, all indicator 
functions are contained in D(L), and finite linear combinations of these functions are dense in L 2 (/i). 
Suppose that f,g£ D{L), then 



(Lf,g)= I (Lf)(x)g(x)d f i(x) 

f(m) f(x) + - f{x/q) g(x) dnix) 

\ XX/ 



f{x)g(x/q)dr q ^)( X )- H f(x) ^ d M (x) + f°° f(x) ^ dr,-i (/.)(*), 

using the fact that each term is integrable. The right-hand side can be written as (/, Lg) if and only 
if 



f(x)g(qx)dn(x)+ / f{x) d/x(x) = 

(2.5) 

f(x)g{x/q)dT q {n){x) + [ f{x)^^-dT q -i(fi)(x). 

Jo x 1 

Now, if r ? (/i) and r q -i(fi) are both absolutely continuous with respect to /i and the conditions 

*M = l and ^ l(/i) =x g a.e. with respect to ^ 
d/i x d/jL 

are met, then (|2.5|) is satisfied. Since r g -i = r" 1 , these conditions are equivalent and the "if" part 
of the proposition follows. 

Conversely, if (L, D(L)) is symmetric, then (|2.5j) holds for all /, g G D(L). Take / = xa> 5 = Xs, 
then 

/ d/i(sc)+ / -dfi(x)= / dTg(^)(x)+ / — dr q -i(n)(x). 

JAnq- 1 B J AC\qB x J AnqB J AC\q~ l B x 1 
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Now take A C (q k+1 , q k ] for some fegZ, and set B = q 1 A or A = qB. This gives An q l B 
and therefore 



/ -dfi(x) = T q (ji)(A). 
J A x 



Since any Borel set A C (0,oo) can be written as a disjoint union A = {J^^A^, where A^ 
A n (q k+1 ,q k ], we find that 



r q {n){A) =Y j rM(A k ) = W ~ d »W = I ~ 

I A, X I A X 



d/i(x), 



kez fcez 



recalling that 1/x is integrable with respect to fx. In particular, T 9 (^i) is absolutely continuous with 
respect to fi and (|2.4|) is satisfied. □ 

Remark 2.3. When fi is an TV-extremal (or m-canonical) solution to the Stieltjes-Wigert moment 
problem, then t„±i do not preserve the support of \x. See ^1 Section 3] for details. So the assumptions 
on T„±i in Proposition 12. II exclude canonical solutions of all orders. 

In this paper we shall mainly focus on discrete and absolutely continuous measures and state 
therefore the following consequence of Proposition 12.11 As for notation, we denote by 5 X the unit 
mass at the point x. 

Corollary 2.4. (i) Suppose that t > and let /it be a positive discrete measure of the form 

oo 

Ht = ^ rn t {k)6 tqk , 

k=— oo 

where mt(k) > for all k £ Z and X]fc^=-oo m t(k) < oo. The operator L is symmetric on L 2 (fit) if 
and only if 

m t (k + 1) = tq k+l m t {k) for all k G Z. (2.6) 

(ii) Let [i be an absolutely continuous measure on (0, oo) given by a positive density function w 
satisfying J °° w(x)dx < oo. Assume that fi and r q ±i(fi) have the same support. The operator L is 
symmetric on L 2 ([i) if and only if 

w{xq) = xw(x) for all x G (0, oo). (2-7) 

Remark 2.5. (i) The condition (|2.6|) is equivalent to mt(k) = t k q( 2 )mt(0) for k G Z. If we set 
l/mt(0) = (— tq, — 1/t, q; q)oc, it follows by the triple product identity ^3 (1-6.1)] that fit becomes a 
probability measure. 

(ii) The condition (|2.7|) is the g-Pearson equation for the Stieltjes-Wigert polynomials, see e.g. |2"T] 
and |2j. This equation is for example satisfied by the log- normal density 

Y 1 (log a) 2 

w(x) = —^e 2 , x > 

Jx 



and (for fixed c > 0) by the infinite products 



x^ 1 



W c (x) = 7^ ; , X > 0. 

{-q 1 c x,-q c /x;q) 00 

Note also that (|2.7|) is invariant under multiplication with g-periodic functions, that is, functions 
which satisfy f(xq) = f(x) for x > 0. 
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In the setting of Proposition 12.11 we find 

roo 1 poo -i 

\f(xq)\ 2 d»(x) = / -\f(x)\ 2 dfj,(x)=q / -\f(x/q)\ 2 d/x(x), 
Jo x J X 2 

showing that L is well-defined on any continuous function / satisfying f(x) = 0(x N ) as x — ► oo and 
/(x) = 0{x~ M ) as x for some iV, M > 0, cf. Remark EH 

2.2. Eigenfunctions. The i^i-series with lower parameter equal to zero, say \tp\ (q ;q,y), satisfies 
the second order ^-difference equation 

-ay f(yq) + {y-q) f(y) + q f(y/q) = 0. (2.8) 

This result can be obtained from the second order (/-difference equation for the 29'1-series |15| Ex- 
erc. 1.13] by taking a limit. 

00 00 
By looking for solutions of the form Cfey A+fc , respectively Cfcy A_fc , with Co = 1, we see that 

k=0 k=0 

i<pi (o ;9 >^) and yOL iLpi (o ;g ' ^7) ' ^ a = 1 ( 2 - 9 ) 

both satisfy (J5THJ). 

Proposition 2.6. T/ie functions defined by 

1 / Z .„ ^ ^\ „_lnz/Ing ( . „ 9 



are solutions to the eigenvalue equation Lf = zf. Here 4> z ( x ) is defined for x,z G C, where the case 
z = /ias to 6e interpreted as the limit 



4>o(x) = <pi \^ Q ;q,-xq 

and $> z (x) is defined for x G (0, oo) and z G C\(— oo, 0]. 

In particular, the Stieltjes-Wigert polynomials are solutions to the eigenvalue equations 

LS n (-;q)=q n S n (-;q), n = 0, 1, . . . . 

Remark 2.7. The function 

, , , ^ (-l)"g"V 

*>(*)= E - 7^4 , 

n=0 W ' 9jn 

is also known as the entire Roger s-Ramanuj an function, since its values at —1 and —q appear in the 
celebrated identities [El (2.7.3/4)] 



E7f7A~ ~ In „4.„5V. aIld 2 



" 2 - 00 „n(n+l) -i 



The reader is referred to [3] and |16j for interesting results about the zeros of (fio, which are all positive 
and simple. 

Proof. The result follows from (|2.8|) and (|2.9|) if we replace a by 1/z and y by —xzq. Since 



k=0 

the last assertion follows immediately from (|2.2j) . □ 
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To get hold of the behavior of $ z { x ) as x j 0, we need the following result. 
Lemma 2.8. As x [ 0, we have 

and the convergence is uniform for z in compact subsets ofC\ (— oo,0). 
Proof. Notice that 

z 2 q\ ^ (-l) n q n2 z 2n 



0¥>i / 



zq/x' ' x J ^ (q;q)n (x + zq) ■ ■ ■ (x + zq n ) 

for z G C \ (—oo,0) and x > 0. The termwise convergence is thus obvious. Let K be a compact 
subset of C \ (— oo, 0) and take 5 > such that |z — i| > 5 for all z G K and £ < 0. Clearly, 

\{x + zq) ■ ■ ■ {x + zq n )\ > 5 n q^ 1 ) 

and since the right-hand side is independent of z G K and x > 0, we have dominated convergence. □ 

A limit case of Heine's transformation formula for the 2 Vi-series |181 (0.6.8/9)] tells us that 

1^1 ( V>?i — — ) = (-g/ 3 ^; ?)oo o¥>i ( , ;q, — (2.10) 

\ xz J \—q/xz xz z ) 

and according to Lemma l2.8( the o^i-series on the right-hand side converges to (Xjz^q)^ as x \ 0. 
We follow the convention that in a fraction the part to the right of / is the denominator. So in (2.8), 
for example, we write (— q/xz^q)^ instead of (— ^',q)oo- The infinite product (—q/xz^q)^ does not 
have a limit as x — > 0, but for x = tq n we have 

/ / \ / i- n/+ (-tz;q)n{-q/tz;q)oo , . 

(-q/xz;q) 00 = (-q /tz;q) 00 = . (2.11) 

(tz) n q^) 

3. Spectral analysis for the discrete case 

In this section we consider L as an unbounded symmetric operator on the Hilbert space L 2 (fit), 
where fit is the discrete measure from Corollary 12.41 (i) . Throughout the section the parameter t > 
will be fixed. 

3.1. £ 2 (Z) setup. Since L 2 {^ t ) essentially is a weighted ^ 2 -space over the integers, we start by 
defining a unitary operator U: L 2 (/i^) — » £ 2 (jL) by 

oo 

Uf= fi^VMVek, 

k=—co 

where {ek}k&z denotes the standard orthonormal basis for £ 2 (Z). The adjoint of U is given by 

(U*e k )W) = - r L=6 k , r 
V m H«0 

and the operator J = ULU* becomes a doubly infinite Jacobi operator on £ 2 (Z). More precisely, J 
has the form 

Jek = akek+i + b k ek + ak-iek-i, keZ 

with 

afc = r —— and b k = -— r. 
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In what follows, we denote by T> the subspace of ^ 2 (Z) consisting of finite linear combinations of 
the basis elements. Clearly, (J,T>) is a densely defined symmetric operator on £ 2 (X). But more 
importantly, we have the following result. 

Theorem 3.1. The operator (J,T>) is essentially self-adjoint. 

By the unitary intertwiner U, the operator (J, D) corresponds to (L, U*T>U) which is a restriction 
of the operator (L, D(L)) considered in Proposition l2.il The domain U*VU consists of the compactly 
supported functions in L 2 (/i), and it is straightforward to check that this is a core for the closure of 
(L,D(L)). So by the above theorem, (L,D(L)) is essentially self-adjoint in the case fi = fit- 
Proof. We employ a theorem of Masson and Repka [22], see also |191 Thm. 4.2.2]. For this we define 
the operators 

J := P J\j)±, 

where P + and P~ are the orthogonal projections onto spanjefc | k > 0}, respectively spanjefc | k < 
0}, and 

V + = V n span{e fc | k > 0}, V~ = V n span{e fe | k < 0}. 
Notice that are Jacobi operators on £ 2 (N) with finite linear combinations of the basis vectors as 
domain. The theorem of Masson and Repka states that the deficiency indices of J can be obtained by 
adding the deficiency indices of J + and J~, see e.g. Akhiezer ^ Ch. 4] or Berezanskh jlj Ch. 7] for 
more information. The deficiency indices of J~ are (0, 0) since the coefficients a k and b k are bounded 
as k — > —oo. For the deficiency indices of J + we observe that a/% + + a&_i is bounded from above 
for k > 0, and by FTj Addenda and problems to Chap. 1] or [1] Thm. 1.4, p. 505] this implies that 
J + is essentially self-adjoint. Hence, the deficiency indices of J + are (0, 0) and we conclude that the 
deficiency indices of J are also (0,0). The statement follows. □ 

The closure of {J,TJ) thus coincides with the adjoint operator (J*,V*), which is defined on the 
maximal domain 

oo 

V* = G £ 2 (Z) : ^2 \akVk+i + b k v k + a fe _iw fc -i| 2 < oo j. 
k=— oo 

3.2. Wronskian and Green function. We now aim at finding the spectrum of the self-adjoint 
operator (J*,T>*). In this connection the functions from Proposition 12.61 become very useful. We set 

respectively 

y k ( z ) = t k/2 q k{k+1)/ ^ z (tq k )/t hlz / lnq , 

and consider the two sequences tp(z) = {tp k (z)}k€Z and ^(z) = {^k(z)}k^z- Notice that ^p(z) belongs 
to £ 2 as k — > oo for all z£C, whereas ^(z) belongs to I 2 as k — > — oo for z £ C\{0}. However, except 
for special values to be determined later on, neither ip(z) nor ^(z) is an element of £ 2 (Z). bince we 
divide by t lnz / lri| 3 i n the definition of ^fk(z), the sequence *&(z) is well-defined for all z E C\ {0}. 

It follows from Proposition ^. fil that ip(z) and ^f(z) are solutions to the eigenvalue equation Jv = zv. 
Their Wronskian, i.e. the sequence defined by 

[ip(z),9{z)) k = a k (ip k+1 {z)^ k (z)-ip k (z)^ k+1 (z)), keZ, (3.1) 

is therefore independent of k. 

Lemma 3.2. The Wronskian of ifj(z) and ^(z) is given by 

[iP(z), *(z)] = -z(-tzq, -1/tz, l/z; q)^. 
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Proof. Inserting the expressions for a&, ipk( z ) an d ^k{ z ) in Q3.1JI . we get after a few computations 

Ct 1 )) .. ( l l Z _ ,_fe+2\ . A/* 







-Jfe 



(V z k+l\ f l l z 

Since the Wronskian is independent of k, we evaluate the expression by taking the limit k —* oo. 
Clearly, the i<^i-series with argument —tzq k+2 (or —tzq k+l ) converges to 1 as — » oo. Combining 
(j2~TUj) with Lemma l2~%l and (|2TT|) . we find that 

/1/z (-iz, -g/iz, 1/z; 
Wi[ n 7— -71^ as/c^oo, 

V o toy (te)fc g ( 2 ) 

respectively 

/1/z g~ fe \ {-tz^-q/tz^l/z-^oo 

l^i ( n r- ; tfftt as/c^oo, 

V o tz y (tz) fc +v 2 ) 

where ~ means that the ratio of the right-hand side and the left-hand side converges to 1 as k —* oo. 
Therefore, 

[V>(z), (*)] = lim (q k - l/t) (-tz, -q/tz, 1/z; q)^ = -z(-tzq, -1/tz, 1/z; q)^ 

k— >oo 



and the desired result is established. □ 
With the Wronskian of ip(z) and ^(z) at hand, we define the Green function by 

1 j^{z)^i(z), l<j, 



G z (j,l) 



The resolvent of (J*,V*) is closely related to the Green function, see e.g. Section 4.3]. For any 
sequence v £ ^ 2 (Z), we have 

oo 

((J*-z)-V).= £ G z {j,l)v h zeC\R. (3.2) 

!=— oo 

3.3. Spectral decomposition. We denote by E the resolution of the identity corresponding to the 
self-adjoint operator (J*,D*). From general theory (see e.g. j!4l Thm. XII. 2. 10]) we know that 

i rb-8 

(E((a,b))v,w) =Hmlim— / ((J* - s - ie)~ 1 v, w) - (( J* - s + ie^v, w) ds (3.3) 
8.10 e|0 2m J a+S 

for v,w £ £ 2 (Z) and because of (|3.2|) . the inner products in the integral can be written as 

<(•>*- (*±«0) = E ff a ± ^ WCs ± is)] {VlW > + " (3 ' 4) 

Since tpk(z) is entire and ^(z) is analytic in C\ {0}, it therefore follows that the spectral measure is 
discrete and supported on the zeros of the Wronskian [ip(z), \&(z)]. We can read off these zeros from 
Lemma 13.21 and get 0, —q r /t for r £ Z and q n for n £ Z+. 

Theorem 3.3. The spectrum of J* is given by o~(J*) = —q z /t U {0} U q^+ . The accumulation point 
does not belong to the point spectrum a p {J*). 
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Proof. It is only left to prove that does not belong to the point spectrum of J*. We show that 
no non-trivial solution to the equation Jv = belongs to £ 2 (Z<). In the end of the proof we use the 
implication 4>o(t) = =^ 4>o{tq) 0> which follows from the fact that the zeros of 4>o are very well 
separated, see e.g. Section 3]. 

The space of solutions to the equation a k v k+ \ + b k v k + a k -iv k -i = or, more explicitly, 

Vk+i = J-r— Vk - k eZ (3.5) 

is two-dimensional. We already know one solution, namely ip(0), which is given by 

^fc(O) = t k ' 2 q k ^' A Mtq k ), keZ. 

Clearly tp(0) belongs to £ 2 as k — > oo but recalling that 4>o(tq~ 2n ) ~ (— l) n t n q~ n2 K{t) as n — > oo for 
some constant K(t) > 0, see e.g. ^7j, it follows that 

^-2n(0) ~ (-l) n q~ n/2 K{t) as n - oo. 

Therefore, ip(0) does not belong to £ 2 {Z). 

The sequence ^(z) is not defined for z = so we need to look for other solutions to (|3.5|) . Note 
that if v k has the form 

Fk+l 



Vk+l 



then (j3.5j) is equivalent to 



t k/2 q k{k-l)/i- 



F k+1 =F k -tq k - 1 F k _ 1 , ke 



n=0 



k — n 
n 



With Fq = and F% = 1 (or, equivalently, vq = and v\ = 1) we see that F k , k = 0, 1, . . ., essentially 
are ^-Fibonacci polynomials in t, see e.g. 0. In particular, 

fc-1 r, -i 

{-l) n q n t n and F k -> o (t) as A; -» oo. 

There are two cases to be considered. 1) When 4>o(t) ^ 0, the solution to (|3,5|) with vq = and 
v\ = 1 does not belong to I 2 as k — > oo. Moreover, since this solution is linearly independent of 
ip(0), there are no solutions to (J33J) in £ 2 (7L). 2) In the case 4>o{t) = 0, the solution to (|3.5|) with 
v o = and v% = 1 is proportional to *p(0). But since (j)o(tq) ^ 0, the solution to ()3.5|) with v i = 
and ^2 = 1 is linearly independent of vp(0). This solution behaves like 4>o(tq)/t k ^ 2 q k ( k ~ 1 ^ 4: as k — > oo 
and as before we see that no solution to (|3.5j) belongs to £ 2 {Z). □ 

3.4. Orthogonality relations. In this section we determine the spectral measure E({£}) for £ in 
the point spectrum of J*. Our considerations will lead to explicit orthogonality relations for the 
Stieltjes-Wigert polynomials and the second g-Bessel functions of Jackson. 
Along the way we will need the following auxiliary result. 

Lemma 3.4. For c£ C and k, m 6 Z, we have 



-m 



{-c) m+k m ( Cq Q ; q, q^ k ) = q m ^ m ( ^ ;q, q 1 '^) . (3.6) 

Proof. Because of symmetry it suffices to establish the identity for m + k > 0. Applying the trans- 
formation |18l (0.6.8/9)], we see that the right-hand side of ()3.6|) can be written as 



m(m+fc) \ iQ.)oo / \n n(n-2m-k) _ / _ \m+k \ W iHjoo r r \n n n(n+k) 
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which is exactly the left-hand side of Q3.6[) . The special case c = — 1 can also be obtained by reversing 
the order of summation. □ 



From (|3~3|) and (|3~1|) it follows that 

(E({q n })v,w) = ^ (f ((r-sr 1 v,w)ds 

ZTTl J( g n\ 



>{q n ) 

The integral on the right-hand side is given by 



m J (Qn) ^(s),*(s) ^ w ; *=?" 



and by Lemma E31 (with c = —1), we have ipk(q n ) = (—l) n t n q n '9k(q n ). Combining this with the 
fact that 

z=f-[tf;{z),^(z)} ~ (q;q) n (-tq, -1/t, q; q)^ ' 

we end up with 



[E({q n })v, 



w ) 



(q;q)n (-tq,-l/t,q;q)oo 
In particular, it follows that 

U(qnf= { -^(-tq,-l/t,q-,q)oo and <V(<f), Vfe™)} = U(q n )f <W (3.7) 

if we set v = u> = ip(q n ), respectively v = w = if)(q m ). 
In a similar way as above, one can show that 

For by Lemma we have ^k{—q r /t) = (—l) r q r2 t~ r ^k{—q r /t) and 

1 (_l)H-lgr(r+l) i 



Res 



«=-^/t[^(2:),*(«)] t r (-q/t;q) r (-t, q, q; q)^ ' 
It thus follows that 

{iK-q r /t)rf{ r q'/t)) = {-t,q,q-,q)oo&r,s. (3.8) 

Moreover, we clearly have 

{^{q n )M-q r /t)) = 0. (3.9) 
Recall now that the Stieltjes-Wigert polynomials are given by 

S n (x;q) = - 1 (j) q n{x) 
\Q] q)n 

and consider also the functions Mr (x; q) defined by 



M®{x\q) = \ 4>- q r /t (x), r G 
(9;9)oo 
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These functions are closely related to the second g-Bessel function |151 Exerc. 1.24] defined by 

Indeed, we have t*? M r W (tq k ; g) = g r (r+fc)/2 jg^x/ig-'V 2 ; g). 
It follows immediately from Proposition 12.61 that 

LS n (-;q) = q n S n (-;q) for n G Z + 

and 

LM r W ( ■ ; q) = - j M r (t) ( • ; g) for r G Z. 

Furthermore, since the spectral decomposition is unique, these eigenfunctions form an orthogonal 
basis for L 2 {^ t )- We put together the results from (|3.7|) . 1)3. 8|) and 1)3.9)) in the following theorem 
which is a formal limit transition of 12, Thm. 4.1]. 

Theorem 3.5. The Stieltjes-Wigert polynomials S n (x; q), respectively the q-Bessel functions Mr {%] q), 
are orthogonal in L 2 (fi t )- The orthogonality relations are given by 

— — — ^ t k q( k t 1 )s n (tq k ;q)S m (tq k ;q) = — (3.10) 

{-tq, -1/t, q; q)^ fe f-^ g"(g; q) n 

and 

( k V) %,(t) nJk. _w(t) nJc. ~\ _ (-9/*;?)r 



H;9)oo fe= _ oo 



53 *£*)M®{tfw)M®{tf-,q) = ^^5 r , s . (3.11) 



Moreover, S n (x;q) and Mr t \x;q) are mutually orthogonal in L 2 (fit), that is, 

oo 

53 t k q( k i 1 )s n (tq k ;q)M^{tq k ;q) = for all n, r (3.12) 

fc=— oo 

and |5 n (x; °)} ngZ+ U {Mr''(x; ( ?)} rg g /orm an orthogonal basis for L 2 (^t)- 

Remark 3.6. The orthogonality relation ()3.10)) is due to Chihara [Sj, whereas ()3.11|) is the Hansen- 
Lommel orthogonality relation for the second g-Bessel function, see |201 Thm. 3.1]. The above 
theorem contradicts |2Ul Thm. 3.3], and the flaw in the proof of |201 Thm. 3.3] is contained in |201 
Lemma 3.4], where the unbounded operator S as constructed there is not symmetric as claimed. 
The statement in (|3.12(l can also be proved directly in the following way. Use ^3 (0.6.8/9)] to 

write Mr l \x;q) as 



nAt)f \ {xq t;q)oo ( 
>(x; q) = r oVi 

(o;o)oo V 

so that 

oo 

53 t k q( k t 1 )s n (tq k ;q)M^(tq k ; 
k=—oo 



xq^/t^- Xq . 



W m I ) (g;g )oo ^[ q k + r + l^ ) 



k=—oo 
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Because of absolute convergence we can interchange the order of summation to get 

i [Q ^Q)m tmq (^) +m (n+l) 1 l" 1 ; Q 1 ,k+r+l+l. q \ t k q ( k 2 )+k(m+l+l) 

fa fa«)- fa«)<»fe ^ fc £"oo 

The inner sum (over fe) reduces to 

fc=— r— i fe=0 

_ (-t g m+1 - r , g ; g ) oog (S) + (2) 

and the sum over I then becomes 

Since (q~ m ;q)oo = for m > 0, the relation (|3,12l) is established. 

Remark 3.7. Using the explicit expression for Mr (x\ q) and Lemma 13.41 we see that \M^\tq k ;q)\ 
is bounded by some constant, say M(r, t), for all k G Z provided t < q r . By the construction of Berg 
[5] it thus follows from Theorem 13 . 51 that the measure 



1 (XJ 



A- 



s,t Hg-l/i,?;?^ ^ V M(r,i) 

k=— 00 

is a solution to the Stieltjes-Wigert moment problem for all \s\ < 1 and t < q r . 

4. Spectral analysis for the continuous case 

We now work on the Hilbert space L 2 (/i), where \i is the absolutely continuous measure from 
Corollary 12.41 (ii). The density of /i, which will be denoted w, thus satisfies the functional equation 

vj(xq) = xw(x), x > 0. (4-1) 

We remind the reader that a function g is called (/-periodic if g(xq) = g(x) for all x > 0. 

4.1. Direct integral decomposition. Consider the Hilbert space £ 2 (Z) equipped with its standard 
orthonormal basis {ek}kez- For a compactly supported measurable function / on (0, 00) we define 



(?, 1] 9 t "(//)(*) = £ f{tq k )q kl2 ^]w{t q K)e k 

k=— oo 

00 

= ^ /(i g fc )i fc/ V (fc+1)/4 e fc e ^(Z). (4.2) 

fc=— 00 

Clearly, (I(gf)){t) = g(t)(If)(t) whenever 5 is a g-periodic function. 

Proposition 4.1. T/ie operator I defined in (|4.2|) extends to a unitary isomorphism 

I: L 2 (/i) -> / £ 2 (Z)di 
Jn 

with ft = (q, 1] n supp(/i). 
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Remark 4.2. The direct integral Hilbert space f^£ 2 CZ)dt consists of all measurable functions 
/ : Q — ► £ 2 (Z) with J n \\f(t)Wj 2 ^dt < oo. The term measurable means that t i— ► (f(t),e^}£2^ is 
measurable for all k G Z. In particular, the constant vector fields f i— > ej are measurable. The inner 
product on j®£ 2 {Z)dt is given by 



and we have J"^ ^ 2 (Z) = L 2 (f2) (8) £ 2 (Z) as Hilbert spaces. The space of all t i— > g(t)ej, g bounded 
measurable function on £2, is therefore dense in £ 2 (Z) dt. Notice that t t— * (If)(t) as defined in 
(|4.2jl is measurable. See e.g. |13J Part II, Ch. 1] for more information. 

Proof. For /, g compactly supported functions in L 2 (fi), we have 

~ p oo 

(if,ig)j SP(z)dt = / W)(t),(ig)(t)) PiZ) dt= / 2 f(tg k )gW)Q k w(tq k )dt 

fe=— oo 

oo „i OO „gfc 

= E / f(tq k )gW)q k w(tq k )dt= V / /(z)^)^) cfe 
. Jo „ Jci k + 1 



k=—oo ' 

(■OO 



f{x)g{x)w{x)dx = (f,g) L 2^, 

where interchanging summation and integration is allowed since /, g being compactly supported 
implies that the sum is finite. Moreover, we can switch from J*^ to since w satisfies the functional 
equation (|4.1|) . 

Recalling that the compactly supported measurable functions are dense in L 2 (//), the operator 
/ from 1)4.2(1 extends to an isometry I: L 2 (fi) — > £ 2 (Z)dt. Since the image of / contains any 
element of the form t i— ► h{t)ek, h bounded measurable function on Q, and these elements are dense 
in f n £ 2 (Z)dt, we conclude that /: L 2 (fi) — ► f n £ 2 (1)dt is surjective and thus unitary. □ 

The adjoint of the unitary operator / is given explicitly by 

oo oo j / —k\ 

Hi" E M*)e*)(*)= E X( gW , gfe] (x) ^l^T , (4.3) 

where xa denotes the indicator function of the set A. The right-hand side of 1)4. 3() only makes sense 
when w(x) > 0, but there is no need to specify the value of a function in L 2 (/i) at points where 
w{x) = 0. Formally calculating I<p z , with <p z the eigenfunction of L from Proposition 12.61 gives 

oo 

m z ){t) = ^Mt) Mtq k )t k/2 q kik+1)/4 e k = y^Mt)i,(z-,t), 

k=—oo 

with ip(z;t) the formal, i.e. in general not contained in ^ 2 (Z), eigenvectors of Jt as in Section 13.21 
Conversely, by 1)4.3)1 we have for any function / on f2 that 

oo 

I*(t»f(t) E Mtq k )t k/2 q k(k+1)/4 e k ) = Per(//^) 0„ 
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where Per maps a function on SI to a (/-periodic function on supp(//) such that they are equal on 
explicitly 

CO 

Per(/)(x) = X {q ^^{x)f{xq- k ). (4.4) 

k=— oo 

Recall from Section f3. II the unbounded symmetric operator (Jj,7>) on ^ 2 (Z) defined by 

J t e k = a k {t)e k +i + b k (t)e k + a fc _i(t)e fc _i, k G Z 

with 

Note that and are bounded continuous functions of t G (q, 1] for fixed k G Z. It follows 
from Theorem 13, II that (Jj,P) is essentially self-adjoint, and we denote by (J t *, dom( J t *)) its unique 
self-adjoint extension. 

Let L 2 (f2)<87> be the (algebraic) tensor product of the space L 2 (0) and the space T> of finite linear 
combinations of the basis vectors. By Remark 14.21 this tensor product is dense in £ 2 (Z,)dt since it 
contains B(Q) (8 T>, with B(£l) the space of bounded measurable functions on f2. Observe that for 
h (8 v G 7 2 (0) (8> 7>, the field i i— > h(t)Jtv is measurable because the inner product 

i i-> (h(t)J t v,e k ) = h(t)(v,J t e k ) = h(t)(a k (t)(v,e h+1 ) + b k (t)(v,e k ) + a fc _i(t)(«, e fc _i)) 

is measurable for any G Z. Moreover, this inner product is only non-zero for finitely many values 
of k, so the vector field t t—* h(t)Jtv is an element of £ 2 (Z)(it. We now define Jtdt as the 
operator with domain L 2 (VL) (8 7? mapping the element h®v considered as the vector field 1 1— > fa(t)v 
to i i — ^ h(t)Jtv. Note that /i (8 v is identified with f g)v whenever f = h a.e. in $7. 

Proposition 4.3. Consider L as an unbounded operator with domain the compactly supported func- 
tions in L 2 (fi). Then I intertwines L with J = Jt dt. 

Proof. For / compactly supported, take N, M G Z such that supp(/) C (q N+l ,q M ] and identify 

M 



(im) = ^2f(tq k )q k / 2 Jw(tqk)e k 



k=N 



with Ylk=N h k ® e fc G 7 2 (ft) (8) 7?, where /i fc (t) = f(tq k )q k/2 ^Jw(tq k ). Since 



|/i fc (i)rdt= / \f(x)\ z w(x)dx < oo, 

we have indeed h k G L 2 (f2). So 7 maps the domain of L into L 2 (Q) ®T>. Conversely, 7* of an element 
h (8 e k G L 2 (Q) (8 7? gives by (|4.3|) a compactly supported function on (0, oo) and 



\I*(h®e k )(x)\ z w(x)dx = I \h(t)\ z dt < oo. 

Jn 

The intertwining property is a straightforward calculation. For / G dom(L) and fixed t G 0, we have 

CO _. 

7(L/)(t) = 7^) £ (/(^ +1 )-^/(tg fc ) + ^/(^- 1 ))^v (fc+1)/4 e fc 

fc = — CO 

CO ...... 



16 JACOB S. CHRISTIANSEN AND ERIK KOELINK 

Note that the infinite sums only contain a finite number of non-zero terms, so that all rearrangements 
are valid. □ 

Since the operator L from Proposition 14 . 31 is symmetric and commutes with complex conjugation, 
it has a self-adjoint extension. We aim at finding its adjoint for which we want to give a direct integral 
representation. Because of Proposition 14.31 and the fact that each ( J£, dom( J*)) is self-adjoint we 
consider the operator J* = J^dt. The next paragraph justifies this notation. 

According to [231 Def. p. 283] we need to check that the field of operators t i— ► (J t * + is 
measurable, i.e. that t t— > ((J t * + i) _1 efc, ei)pi%\ is measurable for all k,l G Z. By the functional 
calculus for J t * established in Section 12 we have 

((J?+«)" 1 efc,e l ) < 2 ( z ) = / Y—dEl iX), 

where the right-hand side can be written as 

^ 1 (e fc ,V>(q";t))(V>(q";t),ez) A 1 (e k ^(-q r /t;t))(^(-q r /t;t), ei ) 
^q n + i U(q n ;tW ^i-qr/t \\<j>{-qr /t;t)f 

The desired measur ability hence follows. Now define 

dom(J*) = (t^ u(t) G £ 2 (Z)dt u(t) G dom(j;) a.e., f \\ J^u{t)\\ 2 dt < ooj, 
^ Jn Jn J 

J* = J?dt: dom(J*) 3 (t «(t))i — ► (* ^ J t *u(*))- 

By HO Thm. XIII.85, p. 284] the operator J* = J® J 4 *dt is the adjoint of J and J* is self-adjoint. 
Moreover, the functional calculus is given by 

f(J*) = f(j J*tdt)= J f(J?)dt (4.5) 
for any bounded measurable function / on R. 

Proposition 4.4. The adjoint operator (L*,dom(L*)) is intertwined with (J*,dom(J*)) by the uni- 
tary isomorphism I. 

As an immediate consequence, we have 

Corollary 4.5. (L*,dom(L*)) is the unique self-adjoint extension of (L, dom(L)), and for any 
bounded Borel function fonW the functional calculus is given by 

f(L*) = i* r f(r t )dti. 

Jn 

Proof of Proposition ^ -4\ The domain of L* consists of all functions g G L 2 (fx) such that 
f^(Lf,g) L 2 M = [ (I(Lf)(t),(Ig)(t)) i 2 {z) dt= [ (J t (If)(t),(Ig)(t)) P(Z) dt 



defines a continuous linear functional on dom(L). We have used Proposition 14.31 to replace I(Lf) 
with Jt(If) in the inner product on the right-hand side. So for g G dom(L*) there exists a constant 
C = C{g) > such that 

\(Lf,g) LHfl) \ = | f (J t (If)(t),(Ig)(t)} £2m dt\ < C\\f\\ L , {tl) =cU ||I/(f)||, 2 2(2) di) V2 (4.6) 
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for all / G dom(L). Since / is compactly supported, the inner product ( J t (If)(t), (Jg)(t))(2i%\ is a 
finite sum and hence equal to (If(t), Jt(Ig)(t))pr%\. Therefore, (|4,6j) can be rewritten as 

{If(t),Jt(Ig)(t)) P(Xi dt\ < c(/ \\If(t)\\l (z) dty /2 . (4.7) 

Now we can show that the vector field t \— > belongs to dom(J*j® J^dt) whenever g G dom(L*). 

First, by taking / = J*(l ® e&) G dom(L) we see that 

i~ (e fe , J?(I</)(t))*, (z) = (If(t),J:(Ig)(t)) P{z) = (J t (If)(t),Ig(t)) P{z) 

is measurable and square integrable on O for any G Z, since 

(J t (If)(t),Ig(t)) e 2 iz) = a k (t)(e k+ i,Ig(t)) e 2 iz) + b k {t)(e k , Ig(t)) £ 2 {z) + o fc _i(i)(e fc _i, Ig(t)) P ^y 

Then apply (JSJ) with //(*) = Y Jk =-Ni J t{ I 9){ t )^ e k) i2( Z) e k to get 



AT , AT 



£ / \(JZ(Ig)(t),e k ) e 2 {z) \ 2 dt<c([ £ K^(^)(i),efe)^(Z)| 2 dt 
k= _ N Jn Jn k =-N 

or 

AT r 

-»2 



1/2 



£ / |(j;(/ 5 )(t),e fc ), 2(z) | 2 dt <c 2 

■„ — AT J Q 



k=-N' 

Since C is independent of N, this is also valid for N — » 00. In particular, it follows that 

00 

X] K J i*(^)(0,efc>^(z)| 2 < 00 a.e. 

k=— 00 

so that i 1— > Jf(Ig)(t) is a measurable square integrable vector field for which Ig(t) G dom(J t *) a.e. 
This proves that Idom(L*) C dom(J® J^dt) and IL* is the restriction of J* I = J® J£dtl. 
For the converse inclusion take 5 G /*dom(J*) and observe that for any / G dom(L), 



\(Lf,g) mp )\= / Wm),Ig{t)) Pm dt= / (If(t),j;(Ig)(t)) e2(z) dt 



< 



n 



l|J/(t)llp(Z)*) / \\J t *(ig)(t)\\t2 m dt) =C7||/|| L2(/i) 



In other words, / 1— ► (L/, g)^ 2 ^) defines a continuous linear functional on dom(L) and it follows that 
/*dom(J*) C dom(L*). ' □ 

4.2. Spectral decomposition for L*. We start this section by presenting the spectrum of L*. 

Theorem 4.6. The spectrum of the self-adjoint operator (L*,dom(L*)) consists of point spectrum 

q z+ , each point having infinite multiplicity, and continuous spectrum U; e zQ/, where 0/ = {—q l /t \ 
t £ fi}. In particular, we have cr(L*) = (— 00, 0] U g z+ when Q = (q, 1]. 

Proof. The theorem follows from |23l Thm. XIII. 85] and Proposition 14.41 We only need to consider 
the point which is in the closure of q^ + and in the closure of Ujgzfij. Since (L*,dom(L*)) is self- 
adjoint, is either in the point spectrum or in the continuous spectrum. In case is in the point 
spectrum, it is also contained in the point spectrum of (J*, dom( J*)), so there exists a non-trivial 
function t >— * v(t) such that J^v{€) = a.e. on f2. By Theorem I3.3| however, the point is not 
contained in the point spectrum of ( J 4 *, dom( Jj*)) for any t G $7, so v(t) = a.e. and belongs to 
the continuous spectrum. □ 
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In order to make Theorem 14 . 61 more explicit we establish the corresponding spectral decomposition. 
Following the ideas of the proof of |23l Thm. XIII. 86] we define 

Ht = {ve f\\Z)dt\v(t) = f \t)^^y for some /eL 2 (0)}, n G Z+, (4.8) 

and 

H~ = \vef e 2 (Z)dt v(t) = f{t) ^~ qr/t ;^ for some / G £ 2 (ft)|, reZ, (4.9) 
L Jn A'-gVtW J 

using the notation Ng(t) = \\ip(C'it)\\e 2 (z) fo r £ m the point spectrum of J*. Then are 

mutually orthogonal closed subspaces of f® £ 2 (Z)dt and, moreover, 

/ £ 2 (Z)dt = H + ® H~, with H + = H+ and W~ = H~. 

■'^ n=0 r=-oo 

Note that the subspaces 7^ are contained in dom( J*) and J* preserves each of them. By \J l : 7{f — * 
L 2 (ft) we denote the unitary operator defined by U, v = f for v G Tif 1 of the form as in l)4.8j) or 
(|4.9j) . It follows that f/> intertwines J* with multiplication by Xf 1 on L 2 (ft), where X~f(t) = g' and 
Aj~(t) = -g'/t. We put J± = Ufj*{U±)* so that jff = Xff for all / G L 2 (ft). In particular, it 
follows that ker(J* — q l ) = TL^ so that q z+ is contained in the point spectrum of J*, and each point 
of this form has infinite multiplicity. 

For the case of negative eigenvalues we define ft; = {-q l /t | t G 0} C (-g'" 1 , -g z ] for Z G Z. Then 
^: L 2 (ft) ^L 2 (ft) given by 

W/)(A) = ^!/(-g*/A), A£Q, 
is a unitary operator and its adjoint VJ* is almost given by the same formula, 

(Vfg)(t) = ^g(-q l /t), t g ft. 

By a straightforward calculation we see that 

(V l JfV l *g)(X) = Xg(\), Aefi, (4.10) 

for any g G L 2 (ft). It thus follows that ft = U^ggft; C (— oo,0] is contained in the continuous 
spectrum of J* , and this part of the spectrum is simple. Using the notation E(T\A) for the spectral 
projection corresponding to the Borel set A C M. for a (possibly unbounded) self-adjoint operator T, 
we see that E{y^ J^Vj*\A) is just multiplication by the characteristic function Xaoo.' Tr^^S the 
steps back it follows that 

E(r\ HT \A)v(t)= XAn{li (-q l /t)v(t), 
with the notation as in (|4.8|) and (|4.9|) . By considering J* restricted to H - , we see that c(J*| w -) = 

U; G zft«- 

To obtain the spectral decomposition E of (L*, dom(L*)) we use Proposition l4.4l and Theorem l4.6l 
The idea is to get the results from the spectral decomposition for J* using the unitary isomorphism 
/. First we consider the spectral decomposition corresponding to the point spectrum a p (L*). It 
follows that L* preserves I*TL and 

ran(£({g"}) = = (Per(//v^) • s n \ f G L 2 (ft)}, 
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where s n is the orthonormal Stieltjes-Wigert polynomial of degree n. Note that by the functional 
equation (|4.1[) . we have 

Per(/A/^(*) = ^M (Pf)(x)= X {q ^, q ^)x kl \- k{k+1),A ttx<f k ) 

and (Pf)(xq) = y/x(Pf)(x). In particular, by taking any orthonormal basis {fj}jeN of L 2 (Q) 
we obtain from the orthonormality of t t—. > fj{t)ip(q n \t)/N q n{t) in 7i + and the unitarity of / the 
orthogonality relations 

o 

Pex(fi/y/w)(x) Pec(fj/y/w)(x) s n (x)s m (x) w(x)dx 

= (Pfi)(x) (Pfj)(x) s n (x)s m (x)dx = 5 n , m 5ij. (4.11) 

J supp(/t) 

The special case i = j tells us that the Stieltjes-Wigert polynomials are orthogonal with respect to 
any absolutely continuous measure whose density satisfies the functional equation (|4.1|) . This result 
is also obtained in ^Ql Prop. 2.1]. 

To sum up, we denote by PPol C L 2 (ji) the closure of the space of functions of the form ]P f n Pn £ 
L 2 (/i), with /„ a (/-periodic function and p n a polynomial. It follows that PPol = I*Tt + C dom(L*) 
and L*|pp i is a bounded linear operator on PPol with spectrum q z+ U {0}. 

We now take a closer look at the spectral decomposition corresponding to the continuous spectrum 
of L*. For any Borel set A C (-q l ~ l , -q l \ we have E(A)I*TC~ = {0} unless r = I. Since E(A)F = 
I*E(J*\A)IF for F € L 2 ([i) with compact support, it thus follows that 

E(r\A)(IF)(t)-r ( , / , /(^)^)^(-^/^))^(.)^(- g 7t;t) 
E(J \A)(IF)(t) - XAnni (-q ,t) _ ^ -JC^W 

Calculating I* on TiJ gives 



~ f(xq- k )x k ' 2 q -Kk+l)l^ 

fcf^ 1 1 N_ q i+k /x (xq k ) y^(x) 7 



so when / has the form 

{(IF)(t),^(-q l /t;t)} p{z) 



m = X An nX-Q l /t) 



we obtain for G £ L 2 (/j,) with compact support that 

(E(A)F,G) L 2^ = / (l*£(J*|A)IF)(x)G(aOMa;)cfe 

JO 



x ((IF){xq- k ), ^{-q l+k /x- xq- k )) e2{z) (^y^)dx. 
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Expanding the inner product in the integrand, the integral can be written as 

V / XA {-q l+k x) ' ) ' x 3 qy 2 ) ]k F(xq> )G(x)w(x)da 

z — ' 1 fe+i I\ _ q i+k j x (xq K y 



j,k=—oo 



V r-iv+ fc «( 3 2 1 )( fc r)+'o-+^) [ M-q l+j /VM-q l+k /V 

^ K ' q /■ N x {-q l /\y\i+ k 



j,k=-oo 



x F(-q l+ i/\)G(-q l + k /\) w(-q l /X)^ dX 

X z 



f; G{-q^/X){-q l /X) k q^ l ) U - q ^,X)^ J^J^ )2 A (4-12) 



fc=— oo 

using the functional equation l|4.1|l . switched to A = —q l+k /x. Note that 

OO , . w oo 

j=— oo (7 2 j=—oo 

and define 

oo 

(^F)(A) = £ ^(-^AJC-Aj-^ra^C-^'A). (4-13) 

j=-oo 

By means of (|4.13|) we can write (|4.12j) as 

(W^M = jf (^F) (A) (TC)(A) A^) J^/A) 2 ^ 

= jf (J^) (A) (^(A) | A| ^[Z^ )a g , (4-14) 

using the functional equation (|4.1j) once more. Now define 

KA)= £ X(-g'-l,-g'] (A) J 7—1 , . s 2 (4.15) 



iV A (-gVA) 2 



and use (14.141) to obtain 



(S(A)F,G) L , W = jf (^(A)(^G)(A)i/(AH-l/A)^ (4.16) 

for an arbitrary Borel set A C (— oo, 0). It follows that the complex measure {E(A)F,G)^2^ is 
absolutely continuous with respect to the Lebesgue measure on (0, oo), and for any F,G£ we 
have 

(F,G) L2M = / (FF)(X)(FG)(X)v(X)w(-l/X)-. (4.17) 

Taking into account the discrete spectrum of L* on the space PPol as well, we obtain the following 
Plancherel type theorem. 
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Theorem 4.7. Consider an absolutely continuous positive measure \x on (0, oo) with density w 
satisfying the functional equation (|4.1[) . Let VL = (q, 1] n supp(^) and suppose that {fi}°^ is an 
arbitrary fixed orthonormal basis of L 2 (Q). For all F,G £ L 2 (fi), we have the Plancherel equality 



oo „ 



F{x)G{x)w{x)dx = F in G m + I (FF)(\)(FG)(\)v(\)w(-l/\)^ 

t,n=0 



where 

/•oo 

Fin = / F(x)Per(fi/y/w)(x)s n (x)w(x) dx 

Jo 

and J-, respectively v, are defined in (j4,13|) and (|4.15f) . 

We can rewrite the above result in terms of a corresponding transform. Consider the Hilbert space 
K = f(Z+ x Z+) eL 2 ((-oo,0),i/(A)u>(-l/A)^) 

and define 

oo oo 

{T*g){x) = J2 g i n?er{f l /V^)(x)s n (x)+ ]T g(~q j /x) <t>_ qj /x (x)v(-q j /x), x>0 (4.18) 

i,n=Q j=—oo 

for compactly supported functions g £ K,. If we consider T as defined in (|4.13f) as T: I*H~ — > 
L 2 ((-oo,0),v(\)w(-l/\)^ and extend it to an operator T : L 2 (/i) -► K by defining T : I*H + -> 
^ 2 (Z + x Z + ) by ^"F = {i ? m}j i ngz + with Fj n as in Theorem 14.71 then we have the following result. 
Corollary 4.8. T: L 2 {fi) — > /C is a unitary isomorphism with adjoint given by (|4.18jl . 
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